Several characterizations are given of (Zelmanowitz) regular modules among the torsionless modules, the locally projective modules, the nonsingular modules, and modules where certain submodules are pure. Along the way, a version of the unimodular row lemma for torsionless modules is given, and it is shown that a regular ring is left self-injective if and only if every nonsingular left module is regular.
Lemma 1. Let R M be a module and let x 2 M: Then:
(1) x is regular if and only if Rx is a projective direct summand of M: (2) If x is regular, say (x )x = x; 2 M ; and if e = x ; then e 2 = e 2 R; Rx = Re where x 7 ! e under the isomorphism. Moreover: M = Rx W where W = fw 2 M j (w )x = 0g:
Proof.
(1). De…ne : R ! Rx by r = rx for all r 2 R: If Rx is projective then splits, that is ' : Rx ! R exists with ' = 1 Rx : If further M = Rx N; de…ne : M ! R by (rx + n) = (rx)': Then x = (x') = (x')x = (x )x; so x is regular. The converse of (1) follows from (2) . (2) . Given (x )x = x; 2 M ; write e = x : Then e 2 = e(x ) = (ex) = x = e: Moreover (Rx) = Re so : Rx ! Re is epic, and this map is monic because (rx) = 0 means rx = r[(x )x] = 0: Hence Rx = Re is projective, and x = e: Finally, since y (y )x 2 W for every y 2 M; we have M = Rx + W ; this is direct because rx 2 W means 0 = (rx) x = rx: and pure submodules. Throughout, modules will be left modules and endomorphisms will be written on the right, unless otherwise speci…ed. We write end(M ) for the ring of all endomorphisms of a module M . If N and M are modules, the notation N M means that N is a direct summand of M , and N ess M means that N is an essential submodule of M: The term "regular ring" means von Neumann regular ring.
Torsionless modules
A module R M is called torsionless if it satis…es the following equivalent conditions:
(1) T fker( ) j 2 M g = 0; (2) R M is isomorphic to a submodule of the direct product R I for some set I; (3) mM = 0; m 2 M implies m = 0: Examples include projective modules and regular modules (if x 6 = 0 and x = (x )x; 2 M ; then x 6 = 0): Torsionless modules are studied in [4] , and can be used to characterize classes of rings (for example [3, Corollary 5 .44]).
Torsionless right modules are de…ned in the same manner, and the dual M R of any module R M is always torsionless. To see this, suppose M = 0 where 2 M ; we must show that = 0: But if m 2 M; and if we de…nem :
as required. Lemma 1 shows that x 2 M is regular if and only if Rx M and Rx M and Rx = Re for some e 2 = e 2 R; if M is torsionless, we have the following "dual" result.
Theorem 2. The following conditions are equivalent for a module R M :
(1) M is regular.
(2) M is torsionless and, for any x 2 M; xM = eR for some e 2 = e 2 R:
(1)) (2) . Let x 2 M and write x = (x )x for some 2 M : If x 6 = 0 then x 6 = 0; proving that M is torsionless. Now write e = x : Then e 2 = e 2 xM ; so eR xM : Conversely, if 2 M then x = [(x )x] = (x )(x ) = e(x ) 2 eR; and we obtain xM eR; proving (2). (2)) (1) . If x 2 M; let xM = eR; e 2 = e 2 R: If e = x ; 2 M ; it su¢ ces to show that ex = x: But if 2 M then (x ex) = x e(x ) = 0 because x 2 xM = eR:
Since projective modules are torsionless, the next result is clear by Theorem 2 and the fact that every principal, projective left module is isomorphic to Re; e 2 = e 2 R: Corollary 3. The following are equivalent for a projective module R P :
(1) P is regular.
(2) For each x 2 P; Rx is projective and xP = eR for some e 2 = e 2 R: (3) For each x 2 P; Rx is a direct summand of P:
In fact, for any x 2 P where P is projective, conditions (2) and (3) in Corollary 4 can be extended to characterize x being regular, and this is called the unimodular row lemma for projective modules P: The proof of Theorem 2 shows it holds when P is only required to be torsionless, and so gives the following :
Corollary 4. General unimodular row lemma. If R M is torsionless, the following conditions are equivalent for x 2 M : (1) x is regular.
(2) xM = eR for some e 2 = e 2 R: (3) Rx M and Rx = Re where e 2 = e 2 R and x $ e under the isomorphism.
Locally projective modules
A module M is called locally projective if it satis…es the following equivalent conditions:
(1) Given the diagram where is epic and F is …nitely generated, there exists :
for some 1 ; : : : ; n 2 M and y 1 ; : : : ; y n 2 M:
Here (1) is the original 1976 de…nition due to Zimmermann-Huisgen [6] ; the characterization in (2) was proved in 1990 by Azumaya [1, Proposition 6] . Clearly every projective module is locally projective, and every …nitely generated, locally projective module is projective. Condition (2) shows that every locally projective module is torsionless. Hence we have: {regular modules} {locally projective modules} {torsionless modules}.
These inclusions are strict: For the …rst, consider R R where R is not regular. For the second let R denote the …eld of real numbers, and consider the following subring of R R :
Then R is a regular ring and it follows from [6, Example 4.5] that R R is not locally projective. Clearly R R is torsionless.
If R M is locally projective and x 2 M; the right ideal xM has a di¤erent description which motivated our discussion in the torsionless case. Write x = (x 1 )y 1 + + (x n )y n where i 2 M and y i 2 M for each i: We have n i=1 (x i )R xM because xM is a right ideal; and this is in fact equality because, for each 2 M ; we have (1) M is regular.
(2) M is locally projective and, for any x 2 M; xM = eR for some idempotent e 2 R:
Here is a direct proof of (2))(1) in the locally projective case. Given x 2 M; let xM = eR; e 2 = e 2 R: As M is locally projective, write x = n i=1 (x i )y i ; i 2 M ; y i 2 M: Then x i 2 eR for each i; and it follows that ex = x: But e 2 xM ; say e = x where 2 M : Hence (x )x = ex = x; proving (1).
As is well known, every …nitely generated right ideal of a regular ring is a principal ideal generated by an idempotent. The following proposition gives an analogue for modules. 1 The notation (x 1)R + + (x n)R = oM (x) is also used in the literature.
Proposition 6. The following are equivalent for a module R M :
(2) M is torsionless and, for any x 1 ; : : : ; x n 2 M; n i=1 x i M = eR for some e 2 = e 2 R: (3) M is locally projective and, for any x 1 ; : : : ; x n 2 M; n i=1 x i M = eR for some e 2 = e 2 R:
Proof. (2)) (3) is clear, and (3)) (1) by Theorem 5.
(1))(2). We have seen that regular modules are torsionless. Given x 1 ; : : : ; x n 2 M; we must show that n i=1
Nonsingular modules
Recall that a ring R is left self-injective provided that R R is an injective R-module.
Lemma 7. If R is a left self-injective ring, the following are equivalent for a module R M :
(2) Every principal submodule of M is regular. (3) For any x 2 M , Rx is projective and x(Rx) = eR for some e 2 = e 2 R:
(1))(2). This is because submodules of any regular module are regular.
(2))(3). If x 2 M then Rx is regular by (2), so it is projective by Lemma 1. Now x(Rx) = eR where e 2 = e 2 R by Theorem 2.
(3))(1). Let x 2 M: Since Rx is (locally) projective, there exist 1 ; : : : ; n 2 (Rx) and y 1 ; : : : ; y n 2 Rx such that x = n i=1 (x i )y i : Moreover, x(Rx) = eR by (3) so x i 2 eR for each i: It follows that ex = x: But e 2 x(Rx) ; say e = x where : Rx ! R: Since R R is injective, extends to : M ! R: Then 2 M and (x )x = (x )x = ex = x; proving (1).
If R M is a module the singular submodule Z(M ) is de…ned by Z(M ) = fx 2 M j l(x) ess R Rg; where l(x) = fr 2 R j rx = 0g: We say that M is nonsingular if Z(M ) = 0: Let x 2 R M be regular, say x = (x )x where 2 M :
l(x ): Since x is an idempotent, this implies that x = 0; whence x = (x )x = 0: Hence regular modules are nonsingular, and the next theorem gives the converse for regular, left self-injective rings.
Theorem 8. Let R be a regular, left self-injective ring. The following conditions are equivalent for a module R M :
(2) M is nonsingular.
Proof. (1))(2). This always holds (see the discussion preceding this theorem).
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(2))(1). Assume that R M is nonsingular, and let 0 6 = x 2 M: Then x = 2 Z(M ) so l(x) is not essential in R R: Hence the set S = fL 6 = 0 j L is a left ideal, L \ l(x) = 0g is nonempty. By Zorn's lemma we may assume that L is maximal in S: Claim. Lx ess Rx:
Now let 0 6 = ax 2 Rx: We must …nd c 2 R such that 0 6 = cax 2 Lx: We may assume that ax = 2 Lx (otherwise take c = 1): Let I = fr 2 R j ra 2 L + l(x)g; a left ideal of R: Then Ia L + l(x); and we claim that I ess R R: For if I \ J = 0 where J R is a left ideal, it su¢ ces to show that [L + l(x)] \ Ja = 0 [then Ja = 0 by the preceding paragraph, so J I and hence
Thus I ess R R: Since M is nonsingular and ax 6 = 0; this means that I 6 l(ax); that is Ia 6 l(x); say cax 6 = 0; c 2 I: Since ca 2 L + l(x) it follows that cax 2 Lx; proving the Claim. Now, since L \ l(x) = 0 the map ' : Lx ! R is well-de…ned by (ax)' = a for all a 2 L: Since R is left self-injective, ' extends to : Rx ! R: But then Lx \ ker( ) = 0; so is monic by the
Since R is regular, Rx = R(x ) is projective, and so Rx has a dual basis f i ; x i j i = 1; 2; : : : ; ng: Then x(Rx) = i (x i )R is a …nitely generated right ideal of the regular ring R; and so x(Rx) = eR for some e 2 = e 2 R: It follows that x is regular by Lemma 7, proving (1).
Corollary 9. The following are equivalent for a regular ring R :
(1) R is left self-injective.
(2) Every nonsingular left R-module is regular. (3) Every …nitely generated nonsingular left R-module is regular.
Proof. (1)) (2) is clear by Theorem 8, and (2)) (3) is obvious. (3))(1). Let R M be a …nitely generated, nonsingular left R-module. Then M is regular by (3), and so is projective by [5, Corollary 1.7] . Hence (1) follows from [2, Theorem 9.2].
Purity
Recall that a submodule N of a module R M is called strongly pure in M provided that for any x 2 N; there exists an R-morphism : M ! N such that x = x (see [1] and [6] ). Clearly every direct summand of M is strongly pure in M:
Lemma 10. The following are equivalent for a module R M :
(2) Every submodule of M is strongly pure in M and, for any x 2 M; Rx = Re; e 2 = e; where x $ e under the isomorphism.
Proof. (1)) (2) . Let x 2 N M: By (1) and Lemma 1, let Rx W = M; and de…ne : M ! N by (rx + w) = rx where r 2 R and w 2 W: Then x = x so N is strongly pure in M: The rest of (2) follows by Corollary 4.
(2))(1). Let x 2 M satisfy Rx = Re; e 2 = e; where x $ e under the isomorphism. By Lemma 1 it su¢ ces to show that Rx M: By (2), Rx is a strongly pure submodule of M; so there exists an R-morphism ' : M ! Rx such that x' = x: If : Rx ! M is the inclusion, then ' = 1 Rx so M = Rx ker('); as required.
Proposition 11. If R M is a module, the following are equivalent:
(1) M is regular. 
As W is regular, it follows by induction that W = n i=2 Re i where e 2 i = e i 2 R and Re i is regular for each i = 2; : : : ; n; so we are done using the case n = 1:
(2))(1). If x 2 M then Rx is regular by (2) and [5, Theorem 2.8]. By Corollary 4 there exists e 2 = e 2 R such that Rx = Re and x $ e under the isomorphism. Since every submodule of M is strongly pure in M; (1) follows from Lemma 10.
A submodule N of a module R M is said to be pure in M if the inclusion N ,! M induces a canonical monomorphism P R N ! P R M for any right module P R : A well known theorem of Cohn asserts that N is pure in M if and only if, whenever a …nite system of equations n j=1 r ij x j = n i , n i 2 N; r ij 2 R; has a solution fx i g in M; then it has a solution in N: As the names suggest, strongly pure submodules are pure. Indeed, suppose the system n j=1 r ij x j = n i 2 N has a solution fx j g in M: If for each i; i : M ! N satis…es n i i = n i ; then fx j g is a solution in N: Conversely, given (a) and (b), let x 2 M: By (a) let x = n j=1 (x j )y j ; j 2 M ; y j 2 M: As Rx is a pure submodule of M; we can …nd q 1 ; : : : ; q n 2 Rx such that x = n j=1 (x j )q j : Hence the morphism : M ! Rx given by = n i=1 i q i satis…es x = x; proving that Rx is strongly pure in M: As in the proof of (2))(1) in Lemma 10, this implies that Rx M: As Rx is regular by (b), it follows by Lemma 10 that Rx = Re where e 2 = e and x $ e: Hence M is regular by Corollary 4.
